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Abstract: In this study, porosity was introduced into two-dimensional shallow water equations to 
reflect the effects of obstructions, leading to the modification of the expressions for the flux and 
source terms. An extra porosity source term appears in the momentum equation. The numerical 
model of the shallow water equations with porosity is presented with the finite volume method on 
unstructured grids and the modified Roe-type approximate Riemann solver. The source terms of the 
bed slope and porosity are both decomposed in the characteristic direction so that the numerical 
scheme can exactly satisfy the conservative property. The present model was tested with a dam 
break with discontinuous porosity and a flash flood in the Toce River Valley. The results show that 
the model can simulate the influence of obstructions, and the numerical scheme can maintain the 
flux balance at the interface with high efficiency and resolution.     
Key words: shallow water equations with porosity; source term; Roe-type Riemann solver; finite 
volume method; unstructured grid     
 
1 Introduction 
Free surface flows exist in estuaries, along coasts, and in river and lake regions. In most 
free surface flows, the hydrostatic pressure assumption is generally valid. Situations where the 
hydrostatic pressure assumption may be questionable have been discussed in several previous 
studies (Heggelund et al. 2004; Yuan and Wu 2004; Lee et al. 2006). With the hydrostatic 
pressure assumption and Boussinesq approximation, the shallow water equations can be 
obtained from the Navier-Stokes (NS) equations. The shallow water equations have been 
widely applied in ocean and hydraulic engineering, including simulations of tidal flows in 
estuary and coastal water regions, wave propagation, stationary hydraulic jumps, and open 
channel flows (Wang et al. 2005b; Lu et al. 2005; Ding et al. 2004 ).  
The shallow water equations are more simple than the NS equations, and they reduce the 
numerical calculations for free surface flows enormously, so the shallow water equations are 
 Zhi-li WANG et al. Water Science and Engineering, Jan. 2013, Vol. 6, No. 1, 91-105 92
suitable for the numerical simulation of water flow in large-scale oceans, estuaries, rivers, and 
lakes (Lu et al. 2005; Wang 2005; Zhou et al. 2001). Numerical models of shallow water 
equations are effective for simulation of free surface flows, but when there are islands, 
buildings, or other structures in the numerical region, denser grids, which increase the 
numerical computation, are needed. Furthermore, the time step is often determined by the 
smallest grid size, which further reduces the efficiency of the model. In order to overcome 
these problems, we introduce the porosity to reflect the effects of obstructions and derive 
two-dimensional porous shallow water equations based on the laws of conservation of mass 
and momentum. 
Recently, the Godunov-type numerical models have been widely used in computational 
aerodynamics (Harten et al. 1983; Li 2008) and computational hydraulics (Zoppou and 
Roberts 2000; Wang et al. 2005a; Geng et al. 2005), since they have several desirable 
properties, including being monotone and conservative, and having good shock-capturing 
capabilities with a correct shock speed value and an inherent upwind property. In the 
well-known work of Godunov, in order to reduce computational time, the exact solution of the 
Riemann problem was replaced by an approximate solution such as the Roe-type solver (Roe 
1981), Osher-type solver (Osher and Solomon 1982), and HLL-type solver (Harten et al. 
1983). In this study, the finite volume method and Roe-type approximate Riemann solver were 
used for the discretization of the two-dimensional porous shallow water equations, in which 
the source terms of the bed slope and porosity were treated by the local characteristic 
decomposition and upwind fashion to satisfy equilibrium and steady-state conditions. 
2 Two-dimensional shallow water equations with porosity 
The continuity and momentum equations with porosity are derived based on the laws of 
conservation of mass and momentum. There is an infinitesimally small control volume with a 
length of xΔ  and a width of yΔ  in the horizontal plane and a water depth h in the vertical 
direction. If there is a solid structure with a length of x′Δ  and a width of y′Δ  within the 
control volume, we can define the porosity as  
 
0, 0 0, 0
lim lim
x y x y
x y h x y
x yh x y
φ
Δ → Δ → Δ → Δ →
′ ′ ′ ′Δ Δ Δ Δ
= =
Δ Δ Δ Δ
 (1) 
The value of φ  lies between 0 and 1, 1φ =  means no solid structures in the control volume, 
and 0φ =  means no water in the control volume. In this study, we assume that the porosity 
on the sides of the control volume is equal to φ . 
2.1 Continuity equation 
The total mass m of water in the control volume is 
 d d
y y x x
y x
m h x yρφ+Δ +Δ= ³ ³  (2) 
where ρ  is the water density.  
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The mass fluxes wxQ  and syQ  across the western and southern sides flowing into the 
control volume are, respectively, 
 w d
y y
x y
Q hu yρφ+Δ= ³  (3) 
 s d
x x
y x
Q hv xρφ+Δ= ³  (4) 
where u and v are the depth-averaged velocities in the x and y directions, respectively. 
The mass fluxes exQ  and nyQ  across the eastern and northern sides flowing out of the 
control volume are, respectively, 
 
( )
e d d
y y x x
x y x
hu
Q hu x y
x
ρφρφ+Δ +Δ ∂ª º= +« »∂¬ ¼³ ³  (5) 
 ( )n d dx x y yy x y
hv
Q hv y x
y
ρφρφ+Δ +Δ ∂ª º= +« »∂¬ ¼³ ³  (6) 
Based on the law of conservation of mass, we have  
 w e s nx x y y
m Q Q Q Q
t
∂
= − + −
∂
 (7) 
Substituting Eqs. (2) through (6) into Eq. (7), and assuming that water is not compressible,  
which means that ρ  is constant, the conservative form of the continuity equation can be obtained: 
 ( ) ( ) ( ) 0h hu hv
t x y
φ φ φ∂ ∂ ∂
+ + =
∂ ∂ ∂
 (8) 
2.2 Momentum equation 
To save space, the momentum equation in the x direction is derived in detail only. The 
total momentum of water in the x direction in the control volume is 
 d d
y y x x
x y x
M hu x yρφ+Δ +Δ= ³ ³  (9) 
The mass forces across the western, eastern, southern, and northern sides of the control 
volume are, respectively,  
 
( )
( )
w
e
s
n
d
d d
d
d d
y y
x y
y y x x
x y x
x x
x x
x x y y
x x y
F huu y
huu
F huu x y
x
F huv x
huv
F huv y x
y
ρφ
ρφρφ
ρφ
ρφρφ
+Δ
+Δ +Δ
+Δ
+Δ +Δ
­
=°° ∂ª º°
= +« »° ∂° ¬ ¼®° =°° ∂ª º
= +° « »∂° ¬ ¼¯
³
³ ³
³
³ ³
 (10) 
The hydrostatic pressures exerted on the western and eastern sides of the control volume 
are, respectively, 
 2w
1 d
2
y y
x y
p g h yρ φ+Δ= ³  (11) 
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( )22
e
1 1 d d
2 2
y y x x
x y x
g h
p g h x y
x
ρ φ
ρ φ+Δ +Δ
ª º∂« »= +
∂« »¬ ¼³ ³  (12) 
where g is the acceleration of gravity. An extra hydrostatic pressure xpφ  is induced by the 
variation of the porosity in the x direction (Wang el al. 2008) and can be expressed as  
 21 d d
2
y y x x
x y x
p gh x y
x
φρ+Δ +Δφ ∂= ∂³ ³  (13) 
Bottom pressure in the x direction due to the bottom slope can be written as 
 bg d d
y y x x
x y x
zp gh x y
x
ρ φ+Δ +Δ ∂= −
∂³ ³  (14) 
where bz  is the bed elevation.  
The friction resistance at the bottom is accounted for by a classical Stickler law, and can 
be written as 
 
2 2
b 2 4 3 d d
y y x x
x y x
u u vR g h x y
K h
ρ φ+Δ +Δ += ³ ³  (15) 
where K is the Stickler’s roughness coefficient, and m1K n= , with mn  being the Manning’s 
roughness coefficient. 
The resistance caused by the obstructions, which includes the configuration resistance 
and friction resistance, is assumed to be identical over the entire flow region and to be 
proportional to the square of the velocities (Wang et al. 2008): 
 ( ) 2 2s s 1 d dy y x xx y xR C g hu u v x yρ φ
+Δ +Δ
= − +³ ³  (16) 
where sC  is the hydraulic head loss coefficient accounting for the obstruction’s shape and 
flow state. 
Based on the law of conservation of momentum (Newton’s second law) in the control 
volume, we obtain the following expression: 
 w e s n w e g b s
x
x x x x x x x x x x
M F F F F p p p p R R
t φ
∂
= − + − + − + + − −
∂
 (17) 
Substituting Eqs. (9) through (16) into Eq. (17) and dividing by ρ , the momentum 
equation in the x direction can be obtained: 
 
( ) ( )
( )
2 2
2 2 2
2 2b
s2 4 3
1
2
1
2
hu huv
hu g h
t x y
z gh u u vgh gh ghC u u v
x x K h
φ φφ φ
φφ φ φ
∂ ∂∂ § ·
+ + + =¨ ¸∂ ∂ ∂© ¹
∂ ∂ +
− + − − − +
∂ ∂
 (18) 
The momentum equation in the y direction can be obtained in a similar way:  
 
( ) ( )
( )
2 2
2 2 2
2 2b
s2 4 3
1
2
1
2
hv huv
hv g h
t x y
z gh v u vgh gh ghC v u v
y y K h
φ φ φ φ
φφ φ φ
∂ ∂ ∂ § ·
+ + + =¨ ¸∂ ∂ ∂ © ¹
∂ ∂ +
− + − − − +
∂ ∂
 (19) 
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The continuity equation (Eq. (8)), and the momentum equations (Eqs. (18) and (19)), 
constitute a closed system of a two-dimensional depth-averaged shallow water model with 
porosity. Generally, a vector form of the model can be expressed as 
 0 ft x y
∂ ∂ ∂
+ + = +
∂ ∂ ∂
U E H S S  (20) 
where U is the vector of conservation variables, E and H are the convection terms, 0S  is the 
bed slope and porosity source term, and fS  is the friction source term, which can be 
expressed as 
=
h
hu
hv
φ
φ
φ
ª º« »« »« »¬ ¼
U      2 2
       
= 2
       
hu
hu g h
huv
φ
φ φ
φ
ª º« »
+« »« »¬ ¼
E      
2 2
        
=        
2
hv
huv
hv g h
φ
φ
φ φ
ª º« »« »« »+¬ ¼
H  
  
2
b
0
2
b
              0
= 
2
2
z ghgh +
x x
z ghgh +
y y
φφ
φφ
ª º« »« »
∂« »∂
−« »∂ ∂« »
∂ ∂« »
−« »∂ ∂¬ ¼
S    ( )
( )
2 2 2
2 2m
f s4 3
2 2 2
2 2m
s4 3
                                0
= 1
1
n u u vgh ghC u u v
h
n v u vgh ghC v u v
h
φ φ
φ φ
ª º« »« »« »+
− − − +« »« »« »+
− − − +« »¬ ¼
S     (21) 
3 Numerical solution 
Eq. (20) is discretized using the finite volume method on unstructured grids. The average 
variables are stored at the center of each grid cell, and the edges of each grid cell are defined 
as the faces of control volume.  
The domain is paved with a set of non-overlapping polygonal cells: { }, 1,2, ,i i IΩ = " , 
where i is the serial number of cells and I is the total number of cells. A polygonal cell ιΩ  is 
built with vertices labeled as i,km , where k is the serial number of vertices, and 1,2, , ik E= " ; 
and ιΕ  denotes the number of vertices of the cell ιΩ . The two cells that share the jth side of 
the grid are identified by the indices 1j  and 2j . If the jth side is the boundary of the 
computational region, we set 2 1j = − . 
Integrating Eq. (20) over the cell ιΩ  yields 
 0 fd d d
A A A
s s s
t
ι ι ι
∂§ ·
+ ∇ = +¨ ¸∂© ¹³ ³ ³<
U F S S  (22) 
where ( ),=F E H , ιΑ  is the area of the cell ιΩ , and s is the integration variable. Using the 
Green formula, we obtain 
 * *0 fd
i
i
iAt Γ
Γ∂ + = +
∂ ³ <vU F n S S  (23) 
where iΓ  is the boundary of the cell ιΩ ; Γ  is the integration variable along the boundary; 
n is the outward unit normal vector of iΓ , ( ),x yn n=n , with xn  and yn  being the x and y 
components of n, respectively; *0S  is the integral of the bed slope and porosity source term 
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0S ; 
*
fS  is the integral of friction source term fS ; and iU  is the mean value of U in the cell 
ιΩ  and is stored at the center of the cell ιΩ : 
 1 di
i A
s
A
ι
= ³U U  (24) 
The second term of Eq. (23) can be rewritten as 
 ( )
1
d d d
i
i i i
E
x y n nij ij
j
s n n s s l
Γ Γ Γ =
= + = =¦³ ³ ³<v v vF n E H F F  (25) 
where ijl  is the length of the jth side of the cell ιΩ ; n x yn n= +<F F n = E H ; and nijF  is 
the flux through the jth side of the cell ιΩ , which is discretized with a Roe-type approximate 
Riemann solver. 
3.1 Flux computation  
 The flux nF  depends on the conservational variable U and porosity φ . With the 
variables stored at the cell center, U and φ  are discontinuous at the cell boundary, which is 
known as the Riemann problem: 
 ( ) L 00 0
R 0
   < 0
,
   > 0
n
n t
n
­
= ®¯UU U      ( )
L 0
0 0
R 0
   < 0
,
   > 0
n
n t
n
φφ φ
­
= ®¯  (26) 
where 0n  is the coordinate along the outward normal direction of the cell boundary oriented 
from the center of the cell boundary, 0t  is the initial time, and the variables with the 
subscripts L and R denote the values of the variables on the left and right sides of the interface 
between two cell, respectively. At the jth side of the cell ιΩ , if 1L j=U U  and 2R j=U U  
(where 
1j
U  and
2j
U  are the values of the conservational variable U at the cells 1j  and 2j  
that share the jth side, respectively), the numerical scheme is only first order in space. If we 
assume that U is linearly varied in space, the second-order total variation diminishing (TVD) 
numerical scheme can be obtained with monotonic upstream schemes for conservation laws 
(van Leer 1979; Wang et al. 2005b).  
In order to compute the interface flux, n∂ ∂F n  should be linearized:  
 n n n φ φφ
∂ ∂ ∂∂ ∂ ∂ ∂
= + = +
∂ ∂ ∂ ∂ ∂ ∂ ∂
F F FU UA B
n U n n n n
 (27) 
where 
( )
( )
2 2
2 2
              0                                           
     2           
                      2     
x y
n
x y x y y
y x x y
n n
c u n uvn un vn un
uv c u n vn un vn
ª º« »∂ « »= = − − +« »∂ « »
− + − +¬ ¼
FA
U
 
T4 4
0,  ,  
2 2
n
x y
c cn n
g gφ
§ ·∂ − −
= = ¨ ¸∂ © ¹
FB  
and where c is the velocity of propagation of small amplitude disturbances, and c gh= . 
Using the matrix theory, the matrix A  can be diagonalized as 
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 1−=A R RΛ  (28) 
where 
( )1 2 3, , =R r r r        
1
2
3
    0      0
0           0
0       0     
λ
λ
λ
ª º« »
= « »« »¬ ¼
Λ  
in which 1r , 2r , and 3r  are the right eigenvectors, and ( )T1 1,  , x yu cn v cn= + +r , ( )T2 0,  , y xcn cn= −r , and ( )T3 1,  , x yu cn v cn= − −r ; and 1λ , 2λ , and 3λ  are the 
eigenvalues of matrix A, and 1 x yun vn cλ = + + , 2 x yun vnλ = + , and 3 x yun vn cλ = + − .  
For the Riemann problem of Eq. (26), the flux through the left side of the interface can be 
written as (Tan 1998) 
 ( ) ( ) ( )( )R R
L L
L
LR L L R R
1= , , d sign d
2
φ
φφ φ φ+ − −³ ³UUF F U F U A U U B Λ  (29) 
The Roe-type approximate method is used here. Then, LLRF  can be written as 
 
( ) ( ) ( ) ( )( )
( ) ( ) ( ) ( )
R
L
L
LR L L R R R L R L
-1
L L R R R L R L
1= , , , sign d
2
1         , , sign    
2
φ
φφ φ φ
φ φ φ φ
+ − − − =
ª º+ − − − −¬ ¼
³
    
F F U F U A U U U U B
F U F U R R U U B
Λ
Λ Λ
 (30) 
where the top label ⋅  means the Roe-averaged value of a variable. Enforcing the Roe 
condition (Tan 1998), the following expressions for u , v , and c  can be obtained: 
 R R R L L L
R R L L
h u h u
u
h h
φ φ
φ φ
+
=
+
 , R R R L L L
R R L L
h v h v
v
h h
φ φ
φ φ
+
=
+
 , R R L L2
R L
h h
c g
φ φ
φ φ
+
=
+
  (31) 
Decomposing R L=Δ −U U U  and ( )R L=φ φ φΔ −B B  with the Roe-averaged right 
eigenvectors 1
r , 2r , and 3r  of matrix A, we obtain 
 1 1 2 2 3 3= α α αΔ + +
  U r r r      1 1 2 2 3 3=φ β β βΔ + +  B r r r  (32) 
where 
( ) ( ) ( ) ( ) ( )1 1= 2 2 x y x y
h
hu n hv n un vn h
c
φ
α φ φ φΔ ª º+ Δ + Δ − + Δ¬ ¼
   
( ) ( ) ( ) ( ){ }2 1= x yhv v h n hu u h ncα φ φ φ φΔ − Δ − Δ − Δª º ª º¬ ¼ ¬ ¼   
( ) ( ) ( ) ( ) ( )3 1= 2 2 x y x y
h
hu n hv n un vn h
c
φ
α φ φ φΔ ª º− Δ + Δ − + Δ¬ ¼
   
3
1
1=
4
c
g
β φ− Δ    2 = 0β    33 1= 4 cgβ φΔ
  
where ( )Δ ⋅  denotes the difference between the values of variables on the left and right sides 
of the interface. Substituting Eqs. (28) and (32) into (30), the flux through the left side of the 
interface can be obtained: 
 ( ) ( ) ( )3LLR L L R R
0
1= , , sign
2 k k k k kk
rφ φ α λ β λ
=
ª º
+ − +« »¬ ¼¦
  F F U F U  (33) 
where kλ

 is the Roe-averaged eigenvalues. 
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3.2 Computation of bed slope and porosity source term  
The bed slope and porosity source term 0S  is a function of water depth h, the bed 
elevation bz , and porosity φ . h, bz , and φ  are discontinuous at the cell boundary and can 
be respectively expressed as 
 ( ) L 00 0
R 0
   < 0
,
   > 0
h n
h n t
h n
­
= ®¯     ( ) bL 0b 0
bR 0
   < 0
   > 0
z n
z n
z n
­
= ®¯     ( ) L 00 0
R 0
    < 0
,
    > 0
n
n t
n
φφ φ
­
= ®¯  (34) 
Integrating 0S  over the cell boundary, we can obtain  
 
T
* 2 4 2 4
0LR b b
1 1= 0,  , 
2 2x x y y
c z n c n c z n c n
g g
φ φ φ φ§ ·− Δ + Δ − Δ + Δ¨ ¸© ¹
    S  (35) 
where φ  is the Roe-averaged porosity on the cell face. Decomposing *0LRS  with the right 
eigenvectors 1
r , 2r , and 3r , we can obtain 
 *0LR 1 1 2 2 3 3= γ γ γ+ +
  S r r r  (36) 
where 
 31 3 b
1 1
4 2
c c z
g
γ γ φ φ= − = Δ − Δ        2 0γ =   
The upwind method is used for the discretization of the bed slope and porosity source 
terms (Wang et al. 2008; Bermudez et al. 1998). The bed slope and porosity source terms on 
the left and right sides of the cell boundary are, respectively, 
 ( )*L0LR 1= sign2
Τ
−S I RΛ γ        ( )*R0LR 1= sign2
Τ+S I RΛ γ  (37) 
where I is the unit matrix, and ( )1 2 3, , γ γ γ=γ .  
3.3 C-property relative to a stationary solution 
The centered discretization of bed slope source terms gives rise to spurious waves (Wang 
et al. 2008). Bermudez and Vazquez (1994) proposed a conservation property (C-property) 
which prevents the appearance of spurious waves. The C-property characterizes the accuracy 
of a numerical scheme used for approximating a steady state solution representing water at rest. 
The steady state solution is characterized by 
 b constanth z η+ = =     0u v= =  (38) 
where η  is the water level. 
To keep water at rest, the discharge flux must be zero: 
 ( )L *LLR 0LR c 0− =F S  (39) 
where subscript c denotes the mass component of vector L *LLR 0LR−F S . Substituting Eqs. (37), 
(38), and (33) into (39), we obtain the following equality: 
 ( ) 2 b1 0h c zgφ φ φ−Δ + Δ − Δ =
  (40) 
From this we can get the average porosity at the cell face: 
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 ( )
b
h h
z
φ φφ Δ − Δ=
Δ

 (41) 
where 2h c g=
  . 
Under the rest water conditions (38), Eq. (20) can be simplified as 
 
2 2b
2 2b
1 1
2 2
1 1
2 2
zgh gh gh
x x x
zgh gh gh
y y y
φφ φ
φφ φ
∂­ ∂ ∂§ ·
= − +¨ ¸°∂ ∂ ∂© ¹°® ∂∂ ∂§ ·°
= − +¨ ¸°∂ ∂ ∂© ¹¯
 (42) 
where the terms on the left side of Eq. (42) are the hydrostatic pressure, and the first and 
second terms on the right side are the bed slope source term and additional porosity source 
term, respectively. If the numerical scheme satisfies Eq. (42), we can say that it satisfies the 
C-property. Since the bed elevation is constant, from a mathematical point of view, if the 
numerical model satisfies the C-property, the momentum flux must equal the hydrostatic 
pressure flux: 
 ( ) TL *L 2 2LR 0LR L L L Lm 1 1,  2 2x yg h n g h nφ φ§ ·− = ¨ ¸© ¹F S  (43) 
where subscript m denotes the momentum component of vector L *LLR 0LR−F S . Substituting Eqs. (33) 
and (37) into (43) , we can conclude that when water is at rest, the momentum flux exactly 
equals the hydrostatic pressure flux. 
3.4 Wet/dry fronts 
For accuracy and stability in the simulation of wetting and drying, the tolerance depth 
method is used (Zhao et al. 1994; Sleigh et al. 1998), which has good effects in practical 
applications (Sleigh et al. 1998; Wang 2005). The flow variables at each cell face are 
monitored and a cell face is classified as either a dry land boundary or a wet boundary, based 
on the water depths of the two cells sharing the face. If the water depths of the two cells are 
both less than the tolerance depth t1h , the cell face is defined as a dry land boundary. In other 
cases, it is defined as a wet boundary. Similarly, each cell is classified as being wet, dry, or 
partially dry, and the flow variables in each cell are monitored. If the water depth in a cell is 
less than the tolerance depth t1h  and all faces of the cell are land boundaries, the cell is 
deemed dry. If the water depth is greater than a higher tolerance depth t2h , the cell is deemed 
wet. Other cells are deemed partially dry. Depending on the combination of wet, dry, and 
partially dry cells as well as cell faces, a choice of flux calculation methods for each cell face 
is made. For a partially dry cell, the momentum fluxes are set to zero, and only the mass flux 
is considered. For a dry cell, the mass and momentum fluxes are all set to zero. For others, the 
mass and momentum fluxes are calculated via the Riemann solver (Sleigh et al. 1998; 
Wang 2005). 
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3.5 Stability constraint 
Since the numerical scheme is explicit in time, the time step is limited by the following 
Courant-Friedrichs-Lewy (CFL) condition (Cea et al. 2006): 
 
2 2
min i
i
i i i
dt
u v gh
§ ·¨ ¸Δ ≤ ¨ ¸+ +© ¹
 (44) 
where i i id A P= , with iP  being the perimeter of the ith cell, and iu , iv , and ih  are the 
values of u, v, h in the ith cell, respectively. 
4 Model test 
Two applications of the model are presented for validation purposes. First, a dam break in 
a channel with discontinuous porosity was simulated, and the calculated results were 
compared with analytical results. Second, a flash flood in the Toce River Valley was simulated, 
and the calculated results were compared with the experimental results. 
4.1 Dam break with discontinuous porosity 
We took a one-dimensional dam break in a rectangular channel with discontinuous 
porosity (Wang et al 2008) as an example. The channel has a width B = 1 m, a length L = 200 m, 
a bottom slope b 0z x∂ ∂ = , and porosity as follows: 1φ =  for 100 mx ≤ , and 0.5φ =  and 
0.1φ =  for 100 mx > (where x is the distance from the upstream end of the channel). In this 
test, both Manning’s roughness and hydraulic head loss coefficients were set to zero. This dam 
break problem is similar to Stoker’s dam break problem (Stoker 1957) studied by many 
researchers (Wang et al. 2008; Wang et al. 2000; Shi and Liu 2005; Geng et al. 2005). The 
analytical results of this problem can be obtained from Alcrudo and Benkhaldoun (2001).  
Initially, a gate was placed at x = 100 m and water was kept at rest. The water depths 
upstream and downstream of the gate were h1 = 10 m and h2 = 1 m, respectively (Fig. 1). The 
gate was suddenly removed and a large volume of water was released. The numerical model 
used uniform rectangle grids with 200 computational cells and a time step tΔ  of 0.04 s. Fig. 2 
depicts the numerical and analytical water depths and velocities at t = 0.3 s. The agreement 
between the computed and analytical solutions is seen to be quite good. The propagation 
speeds of the various waves are computed correctly. 
 
Fig. 1 Dam break with discontinuous porosity (Unit: m) 
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Fig. 2 Numerical and analytical results of dam break with discontinuous porosity at t = 0.3 s 
4.2 Flash flood in Toce River Valley  
Testa et al. (2007) presented a physical model study of a flash flood in the Toce River 
Valley, in Italy, which impacted an idealized urban district composed of an array of square 
blocks (Fig. 3). The aim of this test was to show that the shallow water model on fine grids 
could be advantageously replaced with the porous shallow water model on much coarser grids, 
where the effects of the blocks were modeled using porosity. There were two block 
configurations: aligned and staggered as in the physical experiments performed by Testa et al. 
(2007), but only the staggered layout (Fig. 3) was used for testing here. 
 
Fig. 3 Gauge stations with staggered arrangement 
Two numerical models were built to simulate the physical model. The first model was a 
classical shallow water (CSW) model (Wang et al. 2005) on fine grids (Fig. 4(a)), in which the 
blocks were treated as the impermeable boundaries. The second model was the proposed 
porous shallow water (PSW) model on coarse grids, in which the effects of the blocks were 
modeled by the porosity (Fig. 4(b)). The CSW model and PSW model were made of 4 567 and 
1 696 triangle cells, respectively. For wet and dry fronts, the values of t1h  and t2h  were 0.000 1 m 
and 0.001 m, respectively. A uniform Manning’s roughness coefficient -1/30.016 2 m sn = ⋅  was 
assigned to all cells to model bottom shear. In the PSW model, the approach for vegetative 
resistance modeling (Nepf 1999) was used to calculate the drag force of the blocks. The drag 
force sR  exerted by the blocks on the fluid is 
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 2 2s D
1
2
C hd u vρ= +R u  (45) 
where ( )s s s,x yR R=R , with sxR  and syR  being the x and y components of sR , respectively; 
( ),u v=u ; d is the projected length of the blocks, i.e., the length of the blocks as seen by an 
observer moving in the direction of flow; and DC  is a bulk drag coefficient, which is a 
function of blocks’ density (Nepf 1999). The value of DC  for square-shaped obstructions is 
tabulated in textbooks as D 2.0C =  (Munson et al. 2006). Based on these considerations, the 
head loss coefficient sC  in Eq. (21) can be calculated as follows: 
 ( )
D
s 2 1
C dC
g φ= −  (46) 
 
Fig. 4 Numerical meshes 
The discharge hydrograph lasting 60 seconds, obtained from the experiments performed 
by Testa et al. (2007), was used as the upstream boundary condition (Fig. 5). A zero-order 
extrapolation or so-called soft boundary condition was implemented at the downstream 
boundary (Wang et al. 2005). Fig. 6 shows time series of water depth at gauge stations 3, 5, 7, 
and 10. Predictions of the CSW model (Wang et al. 2005) and PSW model are shown, along 
with water depth measurements reported by Testa et al. (2007). Fig. 6 shows that the results of 
both the CSW model and the PSW model match the experimental results. At gauge stations 3 
and 7, the two models’ predictions are both close to the experimental results. At gauge station 5, 
compared with the experimental results, predictions of the two models are both underestimates. 
At gauge station 10, the CSW model overestimates the water depth while the PSW model 
underestimates the water depth.  
 
Fig. 5 Discharge hydrograph at upstream boundary 
 Zhi-li WANG et al. Water Science and Engineering, Jan. 2013, Vol. 6, No. 1, 91-105 103
 
Fig. 6 Predicted and measured water depths at different gauge stations 
The PSW model predictions match the CSW model predictions, but it should be noted that 
the CPU time required by the 60-second simulation with the Pentium 4 processor is 18 seconds 
for the PSW model and 176 seconds for the CSW model. This example shows that the PSW 
model can simulate the influence of blocks with high efficiency. 
5 Conclusions 
Through introducing the porosity to reflect the effects of obstructions, the two-dimensional 
porous shallow water equations including the continuity and momentum equations were 
derived based on the laws of conservation of mass and momentum. The unstructured finite 
volume method and modified Roe-type approximate Riemann solver were used for the 
solution of the two-dimensional porous shallow water equations. The bed slope source term 
and the additional porosity source term were both decomposed in the characteristic direction. 
It has been shown that the numerical scheme exactly satisfies the conservative property. 
Numerical results of a dam break in a channel with discontinuous porosity and a flash flood in 
the Toce River Valley with an urban district show that the porous shallow water equations and 
numerical scheme can simulate the influence of blocks with high efficiency and resolution. 
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